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Abstract
Quantum field theories on noncommutative spacetime have many different
properties from those on commutative spacetime. In this paper, we study the
microcausality of free scalar field on noncommutative spacetime. We expand the
scalar field in the form of usual Lorentz invariant measure in noncommutative
spacetime. Then we calculate the expectation values of the Moyal commutators
for the quadratic operators, such as ϕ(x)⋆ϕ(x), π(x, t)⋆π(x, t), ∂iϕ(x, t)⋆∂iϕ(x, t),
and ∂iϕ(x, t) ⋆ π(x, t). We obtain that for space-space noncommutativity, i.e.,
θ0i = 0 in θµν , microcausality of free scalar field on noncommutative spacetime is
satisfied. For time-space noncommutativity, i.e., θ0i 6= 0 in θµν , microcausality of
free scalar field on noncommutative spacetime is violated.
PACS numbers: 11.10.Nx, 03.70.+k
1 Introduction
Many years ago, the model of quantized and noncommutative spacetime was first con-
structed by Snyder [1]. The mathematical development on noncommutative geometry was
carried out by Connes [2]. In Ref. [3], Doplicher et al. proposed the uncertainty relations for
the measurement of spacetime coordinates from the Heisenberg’s uncertainty principle and
Einstein’s gravitational equations. In recent years, spacetime noncommutativity was discov-
ered again in superstring theories [4]. It has resulted a lot of researches on noncommutative
field theories (NCFTs) [5,6].
∗E-mail address: z.z.ma@seu.edu.cn
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The coordinates of noncommutative spacetime become noncommutative operators. They
satisfy the commutation relations
[xµ,xν ] = iθµν , (1.1)
where θµν is a constant real antisymmetric matrix with the dimension of square of length.
Field theories on noncommutative spacetime can be formulated through the Weyl-Moyal
correspondence [5,6]. Every field φ(x) defined on noncommutative spacetime is mapped to
its Weyl symbol φ(x) that defined on the corresponding commutative spacetime. At the
same time, the products of field functions are replaced by the Moyal star-products of their
Weyl symbols
φ(x)ψ(x)→ φ(x) ⋆ ψ(x) , (1.2)
where the Moyal star-product is defined by
φ(x) ⋆ ψ(x) = e
i
2
θµν ∂
∂αµ
∂
∂βν φ(x+ α)ψ(x+ β)|α=β=0
= φ(x)ψ(x) +
∞∑
n=1
(
i
2
)n 1
n!
θµ1ν1 · · · θµnνn∂µ1 · · ·∂µnφ(x)∂ν1 · · ·∂νnψ(x) . (1.3)
Thus, the Lagrangians of field theories on noncommutative spacetime can be formulated
directly through replacing the products by the Moyal star-products in the Lagrangians of
field theories on commutative spacetime. And the commutators of coordinate operators of
Eq. (1.1) are equivalently replaced by the Moyal star-product commutators of the noncom-
mutative coordinates
[xµ, xν ]⋆ = iθ
µν . (1.4)
Quantum field theories on noncommutative spacetime have many different properties
from those on commutative spacetime [5,6]. In this paper, we study the microcausality of
scalar field on noncommutative spacetime. In fact, such a problem need to be studied from
several different aspects.
First, such a problem is related with the Lorentz invariance problem of NCFTs. It is well
known that NCFTs violate Lorentz invariance because of their theoretical constructions. As
pointed out in Ref. [7], there are two kinds of Lorentz transformations for NCFTs. One
is the observer Lorentz transformation. In this case, one can suppose θµν carries Lorentz
indices, which means that θµν transforms covariantly under the transformations of observer’s
frame. This will leave the physics unchanged because both field operators and θµν trans-
form covariantly. The other is the particle Lorentz transformation. In this case, Lorentz
transformations for field operators are taken in a fixed observer frame. Because θµν are not
fields, they are only certain parameters in the theory, particle Lorentz transformation leave
θµν unchanged and hence modify the physics.
Therefore NCFTs at least violate particle Lorentz transformation invariance. In Ref. [8],
the authors have proposed that NCFTs satisfy the twisted Poincare´ invariance. In Ref. [9],
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the authors have pointed out that for Lorentz transformations that leave θµν unchanged,
such as the particle Lorentz transformation mentioned above, the SO(3, 1) Lorentz group is
broken down to a subgroup SO(1, 1)×SO(2). Therefore in Ref. [9], the authors constructed
the SO(1, 1) × SO(2) invariant spectral measure for the expansions of quantum fields on
noncommutative spacetime. They have proposed that microcausality condition for quantum
fields on noncommutative spacetime should be formulated with respect to the two dimen-
sional light-wedge. Therefore the traditional concept of microcausality is violated generally
for quantum fields on noncommutative spacetime [9-12].
On the other hand, corresponding to the observer Lorentz transformations for NCFTs,
one should expand quantum fields on noncommutative spacetime in the form of their usual
Lorentz invariant measures in order to study their microcausality properties. In fact, for such
a problem, some results were given in Ref. [13]. Recent results were obtained by Greenberg
[14]. In Ref. [14], Greenberg have obtained that for scalar field on noncommutative space-
time, [: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆ is nonzero for a spacelike interval for the case θ
0i 6= 0
and θ0i = 0. Thus microcausality is violated for scalar field on noncommutative spacetime
generally. In this paper we will study this problem further. We obtain the results different
from those of Ref. [14].
Besides, we need to investigate microcausality properties of interacting fields on noncom-
mutative spacetime. Recently in Ref. [15], Haque and Joglekar have obtained that for the
Yukawa interaction in noncommutative spacetime, causality is violated for both θ0i 6= 0 and
θ0i = 0. In addition we can see from Refs. [16-19] that quantum and classical nonlinear
perturbations have infinite propagation speed in noncommutative spacetime. While these
phenomena should also have relations with the violation of causality of quantum fields on
noncommutative spacetime.
Because in the following we need to calculate the commutation relations of two field
operators defined at two different spacetime points, we need to generalize Eq. (1.3) for two
fields defined at two different spacetime points. In fact, such a formula has been given in
Ref. [6]. It reads
φ(x1) ⋆ ψ(x2) = e
i
2
θµν ∂
∂αµ
∂
∂βν φ(x1 + α)ψ(x2 + β)|α=β=0
= φ(x1)ψ(x2) +
∞∑
n=1
(
i
2
)n 1
n!
θµ1ν1 · · · θµnνn∂µ1 · · ·∂µnφ(x1)∂ν1 · · ·∂νnψ(x2) .
(1.5)
This formula can be derived through the standard Weyl symbol method as demonstrated
in Ref. [6], supposing that we generalize the spacetime commutation relations (1.1) to two
different spacetime points
[xµ1 ,x
ν
2] = iθ
µν . (1.6)
A simplified derivation for Eqs. (1.5) and (1.6) has been given by Chaichian et al. in Ref.
[20] using the concept of quantum shift. Consequently, the Moyal star-product commutators
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for the noncommutative coordinates of Eq. (1.4) become
[xµ1 , x
ν
2]⋆ = iθ
µν , (1.7)
which can be resulted from Eq. (1.5). Equation (1.5) has been used many where in the
literature [14,15,21].
The content of this paper is organized as follows. In Sec. 2, we analyze the measurement
of quantum fields on noncommutative spacetime and the criterion of microcausality violation.
In Sec. 3, we calculate the vacuum state expectation value for the Moyal commutator
[ϕ(x) ⋆ ϕ(x), ϕ(y) ⋆ ϕ(y)]⋆ and obtain that microcausality is violated for the case θ
0i 6= 0
of spacetime noncommutativity. In Sec. 4, we calculate the non-vacuum state expectation
value for the Moyal commutator [ϕ(x) ⋆ ϕ(x), ϕ(y) ⋆ ϕ(y)]⋆ and obtain that microcausality
is violated for the case θ0i 6= 0 of spacetime noncommutativity. In Sec. 5, we calculate
the expectation values for some other quadratic operators of scalar field on noncommutative
spacetime and obtain the similar result as that of Sec. 3 and Sec. 4. In Sec. 6, we discuss
some of the problems.
2 The criterion of microcausality violation
In this section, we first analyze the measurement of quantum fields on noncommutative
spacetime and the criterion of microcausality violation.
For quantum field theories, as well as quantum mechanics, what the observer measures
are certain expectation values. We suppose that there are two observers A and B situated
at spacetime points x and y, they proceed a measurement separately on the state vector
|Ψ〉 for the locally observable quantity O(x) in the same occasion. However the time x0
may not equal to the time y0 generally. For the observer A, the state vector |Ψ〉 has been
affected by the measurement of the observer B at the spacetime point y. Or we can say
the observer B’s observation instrument has taken an action on the state vector |Ψ〉. The
state vector has become O(y)|Ψ〉. When the observer A takes his or her measurement on the
state vector, his or her observation instrument will act on the state vector O(y)|Ψ〉 again.
These two sequent actions should be represented by the product operation of the operators.
However because now the spacetime is noncommutative, the product operation should be the
Moyal star-product, while not the ordinary product. Or we regard that in noncommutative
spacetime, the basic product operation is the Moyal star-product. Thus what the measuring
result the observer A obtained from his or her instrument is 〈Ψ|O(x) ⋆ O(y)|Ψ〉. Similarly
for the observer B, the state vector |Ψ〉 has been affected by the action of the observer
A’s instrument at the spacetime point x. The state vector becomes O(x)|Ψ〉. What the
measuring result the observer B obtained from his or her instrument is 〈Ψ|O(y) ⋆O(x)|Ψ〉.
Supposing that microcausality is satisfied for NCFTs, this means that there do not exist
the physical information and interaction with the transmission speed faster than the speed
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of light. Thus when the spacetime interval between x and y is spacelike, the affection of the
observer B’s measurement or the action of observer B’s instrument at spacetime point y on
the state vector |Ψ〉 has not propagated to the spacetime point x when the observer A takes
his or her measurement on the state vector |Ψ〉 at the spacetime point x. These two physical
measurements do not interfere with each other. For the observer A, the state vector is still
|Ψ〉, while not O(y)|Ψ〉. Therefore the measuring result what the observer A obtained is just
〈Ψ|O(x)|Ψ〉. Thus from the sense of experimental measuring discussed above, we have
〈Ψ|O(x) ⋆O(y)]|Ψ〉 = 〈Ψ|O(x)|Ψ〉 for (x− y)2 < 0 . (2.1)
The same reason as the observer A, the measuring result what the observer B obtained at
the spacetime point y is just 〈Ψ|O(y)|Ψ〉. Thus from the sense of experimental measuring
discussed above, we have
〈Ψ|O(y) ⋆O(x)]|Ψ〉 = 〈Ψ|O(y)|Ψ〉 for (x− y)2 < 0 . (2.2)
We can suppose that the state vector |Ψ〉 is in the momentum eigenstate, thus it is also
in the energy eigenstate. At the same time, we can suppose that the state vector |Ψ〉 is in
the Heisenberg picture, therefore it does not rely on the spacetime coordinates. From the
Heisenberg relations and the translation transformation, we have 1
〈Ψ|O(x)|Ψ〉 = 〈Ψ|O(y)|Ψ〉 . (2.3)
Therefore the condition
〈Ψ|[O(x),O(y)]⋆|Ψ〉 = 〈Ψ|O(x)⋆O(y)|Ψ〉−〈Ψ|O(y)⋆O(x)|Ψ〉 = 0 for (x−y)
2 < 0 (2.4)
should be satisfied for a NCFT to satisfy the microcausality.
If microcausality is violated for a NCFT, then there may exist the physical information
and interaction with the transmission speed faster than the speed of light. For the two
measurements of the observer A and observer B located at x and y separated by a spacelike
interval, the affection of the observer B’s measurement at spacetime point y on the state
1We note y − x = a. From the Heisenberg relations and the translation transformation, we have
O(y) = exp(iaµP
µ)O(x) exp(−iaµP
µ) .
Because aµ now is a constant four-vector, from Eq. (1.3) we can also write the above expression as
O(y) = exp(iaµP
µ) ⋆O(x) ⋆ exp(−iaµP
µ) .
We use Pµ to represent the eigenvalues of the energy-momentum of the state vector |Ψ〉. Therefore we obtain
〈Ψ|O(y)|Ψ〉 = 〈Ψ| exp(iaµP
µ) ⋆O(x) ⋆ exp(−iaµP
µ)|Ψ〉 = 〈Ψ| exp(iaµP
µ) ⋆O(x) ⋆ exp(−iaµP
µ)|Ψ〉
= exp(iaµP
µ) ⋆ 〈Ψ|O(x)|Ψ〉 ⋆ exp(−iaµP
µ) = exp(iaµP
µ)〈Ψ|O(x)|Ψ〉 exp(−iaµP
µ) = 〈Ψ|O(x)|Ψ〉 .
Therefore Eq. (2.3) is satisfied.
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vector |Ψ〉 will propagate to the spacetime point x when the observer A takes his or her
measurement on the state vector |Ψ〉 at the spacetime point x, and the affection of the
observer A’s measurement at spacetime point x on the state vector |Ψ〉 will propagate to
the spacetime point y when the observer B takes his or her measurement on the state
vector |Ψ〉 at the spacetime point y. These two physical measurements will interfere with
each other. For such case, Eqs. (2.1) and (2.2) cannot be satisfied, while we still have
〈Ψ|O(x)|Ψ〉 = 〈Ψ|O(y)|Ψ〉 as that of Eq. (2.3). Therefore generally we have
〈Ψ|[O(x),O(y)]⋆|Ψ〉 6= 0 for (x− y)
2 < 0 (2.5)
for a NCFT to violate the microcausality. Thus we can judge whether the microcausality is
maintained or violated for a NCFT according to Eq. (2.5).
Now we suppose that O1(x) and O2(y) are two different observable field operators, x
and y are separated by a spacelike interval, two observers A and B situate at x and y, and
microcausality is satisfied for the field theory on noncommutative spacetime. Supposing
that the observers A and B proceed a measurement separately on the state vector |Ψ〉 for
the locally observable quantities O1 and O2 at x and y respectively, then from the above
analysis, from the sense of experimental measuring, we have for the observer A
〈Ψ|O1(x) ⋆O2(y)]|Ψ〉 = 〈Ψ|O1(x)|Ψ〉 for (x− y)
2 < 0 . (2.6)
And we have for the observer B
〈Ψ|O2(y) ⋆O1(x)]|Ψ〉 = 〈Ψ|O2(y)|Ψ〉 for (x− y)
2 < 0 . (2.7)
Because now O1(x) and O2(y) are two different operators representing two different physical
observable quantities, we have generally
〈Ψ|O1(x)|Ψ〉 6= 〈Ψ|O2(y)|Ψ〉 . (2.8)
Therefore from Eqs. (2.6)-(2.8) we have
〈Ψ|[O1(x),O2(y)]⋆|Ψ〉 6= 0 for (x− y)
2 < 0 (2.9)
generally, even if x and y are separated by a spacelike interval, and the field theory satisfies
the microcausality. Therefore we cannot deduce that a NCFT violates microcausality from
Eq. (2.9) from the expectation values of the Moyal commutator of two different operators.
Thus, in order to judge whether a NCFT violates microcausality, we need to analyze the
expectation values of the Moyal commutator of the same operator as that of Eq. (2.5).
For quantum field theories on ordinary commutative spacetime, the analysis for the
criterion of microcausality violation is similar to the above, except that we replace the
Moyal star-products by the ordinary products in the above equations. Usually for quantum
field theories on ordinary commutative spacetime, equation (2.4) can be simplified to
[O(x),O(y)] = 0 for (x− y)2 < 0 (2.10)
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for the satisfying of the microcausality. For example for scalar field, the fundamental com-
mutator is
[ϕ(x), ϕ(y)] = i∆(x− y) . (2.11)
It is a c-number function. Therefore we have
〈Ψ|[ϕ(x), ϕ(y)]|Ψ〉 = [ϕ(x), ϕ(y)] . (2.12)
Because the commutator [ϕ(x), ϕ(y)] is zero for a spacelike interval, 〈Ψ|[ϕ(x), ϕ(y)]|Ψ〉 is
also zero for a spacelike interval. Similarly for the quadratic operator ϕ(x)ϕ(x), we have
[ϕ(x)ϕ(x), ϕ(y)ϕ(y)] = ϕ(x)[ϕ(x), ϕ(y)]ϕ(y) + ϕ(y)[ϕ(x), ϕ(y)]ϕ(x)
+[ϕ(x), ϕ(y)]ϕ(x)ϕ(y) + ϕ(y)ϕ(x)[ϕ(x), ϕ(y)] . (2.13)
Although the result of Eq. (2.13) is not a c-number function, from the fundamental com-
mutator of Eq. (2.11) we know that [ϕ(x)ϕ(x), ϕ(y)ϕ(y)] is zero for a spacelike interval.
Therefore 〈Ψ|[ϕ(x)ϕ(x), ϕ(y)ϕ(y)]|Ψ〉 is also zero for a spacelike interval. Hence for the
quadratic operator ϕ(x)ϕ(x) of the scalar field theory on ordinary commutative spacetime,
microcausality is satisfied.
For quantum field theories on noncommutative spacetime, because of the noncommuta-
tivity of spacetime coordinates, the Moyal commutators are not c-number functions generally,
as can be seen in Ref. [22] for noncommutative scalar field and Dirac field. Thus we cannot
move away the state vectors in Eqs. (2.4) and (2.5) for the criterion of the microcausality
violation for NCFTs generally. We need to evaluate their expectation values.
3 Vacuum state expectation values
For scalar field on noncommutative spacetime, the Lagrangian for free field is given by
L =
1
2
∂µϕ ⋆ ∂µϕ−
1
2
m2ϕ ⋆ ϕ . (3.1)
Its Hamiltonian density and momentum density are given by [23,24]
H(π, ϕ) =
1
2
[
π(x, t) ⋆ π(x, t) + ∂iϕ(x, t) ⋆ ∂iϕ(x, t) +m
2ϕ(x, t) ⋆ ϕ(x, t)
]
(3.2)
and
P i(π, ϕ) = −
1
2
[π(x, t) ⋆ ∂iϕ(x, t) + ∂iϕ(x, t) ⋆ π(x, t)] , (3.3)
where π(x, t) =
·
ϕ (x, t). In accordance with the observer Lorentz transformation invariance
of NCFTs, which means that θµν is a tensor constant, it transforms covariantly under the
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transformations of observer’s frame, we can expand the free scalar field on noncommutative
spacetime according to its usual Lorentz invariant spectral measure [25,26]. Thus we have
ϕ(x, t) =
∫
d3k√
(2π)32ωk
[a(k)eik·x−iωt + a†(k)e−ik·x+iωt] (3.4)
for the Fourier expansion of the scalar field.
In Eq. (3.4), we take the spacetime coordinates to be noncommutative. They satisfy the
Moyal star-product commutation relations (1.4) and (1.7). The commutation relations for
the creation and annihilation operators are given by
[a(k), a†(k′)] = δ3(k− k′) ,
[a(k), a(k)] = 0 ,
[a†(k), a†(k)] = 0 . (3.5)
They are the same as those of the commutative spacetime case. The commutator of the
Moyal star-product for the scalar field is defined to be
[ϕ(x), ϕ(y)]⋆ = ϕ(x) ⋆ ϕ(y)− ϕ(y) ⋆ ϕ(x) . (3.6)
In Ref. [22], the vacuum state and non-vacuum state expectation values for the Moyal
commutator (3.6) were calculated. According to the result of Ref. [22], microcausality is
satisfied for the linear operator ϕ(x) of the free scalar field on noncommutative spacetime.
However, we need to study whether microcausality is satisfied or not for quadratic operators
of free scalar field on noncommutative spacetime. In this section, we study the quadratic
operator ϕ(x)⋆ϕ(x), to see whether it satisfies the microcausality or not. Because we consider
that in noncommutative spacetime, the basic product operation is the Moyal star-product,
we need to study the commutators of Moyal star-products.
The Moyal commutator of the field operators ϕ(x) ⋆ ϕ(x) and ϕ(y) ⋆ ϕ(y) is given by
[ϕ(x) ⋆ ϕ(x), ϕ(y) ⋆ ϕ(y)]⋆
= ϕ(x) ⋆ [ϕ(x), ϕ(y)]⋆ ⋆ ϕ(y) + ϕ(y) ⋆ [ϕ(x), ϕ(y)]⋆ ⋆ ϕ(x)
+[ϕ(x), ϕ(y)]⋆ ⋆ ϕ(x) ⋆ ϕ(y) + ϕ(y) ⋆ ϕ(x) ⋆ [ϕ(x), ϕ(y)]⋆
= ϕ(x) ⋆ ϕ(x) ⋆ ϕ(y) ⋆ ϕ(y)− ϕ(y) ⋆ ϕ(y) ⋆ ϕ(x) ⋆ ϕ(x) . (3.7)
Because the fundamental Moyal commutator [ϕ(x), ϕ(y)]⋆ is not a c-number function, as
shown in Ref. [22], we need to calculate the expectation value for Eq. (3.7) in order to
investigate whether ϕ(x) ⋆ ϕ(x) satisfies the microcausality condition. As analyzed in Sec.
2, this is also the demand of physical measurements. Therefore we need to calculate the
function
A(x, y) = 〈Ψ|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Ψ〉 , (3.8)
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where |Ψ〉 is a state vector of scalar field quantum system. In Eq. (3.8), we have adopted
the normal orderings for the field operators ϕ(x) ⋆ ϕ(x) and ϕ(y) ⋆ ϕ(y). This means that
an infinite vacuum energy has been eliminated in the corresponding commutative spacetime
field theory. To be the limit of physical measurements, we take the state vector |Ψ〉 in Eq.
(3.8) to be the vacuum state |0〉. Therefore in this section, we will first calculate the function
A0(x, y) = 〈0|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|0〉 . (3.9)
For the non-vacuum state expectation value of Eq. (3.8), we will analyze it in Sec. 4.
We decompose ϕ(x) into the creation (negative frequency) and annihilation (positive
frequency) part
ϕ(x) = ϕ(−)(x) + ϕ(+)(x) , (3.10)
where
ϕ−(x) =
∫
d3k√
(2π)32ωk
a†(k)e−ik·x+iωt =
∫
d3k√
(2π)32ωk
a†(k)eikx (3.11)
and
ϕ+(x) =
∫
d3k√
(2π)32ωk
a(k)eik·x−iωt =
∫
d3k√
(2π)32ωk
a(k)e−ikx . (3.12)
Here we define kx = kµx
µ. From Eq. (3.10) we have
ϕ(x)⋆ϕ(x) = ϕ(−)(x)⋆ϕ(−)(x)+ϕ(+)(x)⋆ϕ(−)(x)+ϕ(−)(x)⋆ϕ(+)(x)+ϕ(+)(x)⋆ϕ(+)(x) . (3.13)
The normal ordering of the operator ϕ(x) ⋆ ϕ(x) is given by
: ϕ(x) ⋆ ϕ(x) := ϕ(−)(x) ⋆ ϕ(−)(x) + 2ϕ(−)(x) ⋆ ϕ(+)(x) + ϕ(+)(x) ⋆ ϕ(+)(x) . (3.14)
Here we have made a simplified manipulation for the normal ordering of the Moyal star-
product operator ϕ(+)(x) ⋆ ϕ(−)(x). This is because the result of the Moyal star-product
between two functions is related with the order of the two functions. In the Fourier integral
representation, we can see that ϕ(−)(x) ⋆ ϕ(+)(x) will have an additional phase factor eik×k
′
relative to ϕ(+)(x) ⋆ ϕ(−)(x). However in Eq. (3.14) we have ignored such a difference. The
reason is that the terms that contain ϕ(−)(x) ⋆ ϕ(+)(x) in the expansion of Eq. (3.9) will
contribute zero when we evaluate the vacuum expectation values, as can be seen in the
following. Thus we can ignore such a difference equivalently for convenience.
To expand : ϕ(x) ⋆ ϕ(x) : ⋆ : ϕ(y) ⋆ ϕ(y) :, we obtain
: ϕ(x) ⋆ ϕ(x) : ⋆ : ϕ(y) ⋆ ϕ(y) :
= ϕ(−)(x) ⋆ ϕ(−)(x) ⋆ ϕ(−)(y) ⋆ ϕ(−)(y) + ϕ(−)(x) ⋆ ϕ(−)(x) ⋆ 2ϕ(−)(y) ⋆ ϕ(+)(y)
+ϕ(−)(x) ⋆ ϕ(−)(x) ⋆ ϕ(+)(y) ⋆ ϕ(+)(y) + 2ϕ(−)(x) ⋆ ϕ(+)(x) ⋆ 2ϕ(−)(y) ⋆ ϕ(−)(y)
+2ϕ(−)(x) ⋆ ϕ(+)(x) ⋆ 2ϕ(−)(y) ⋆ ϕ(+)(y) + 2ϕ(−)(x) ⋆ ϕ(+)(x) ⋆ ϕ(+)(y) ⋆ ϕ(+)(y)
+ϕ(+)(x) ⋆ ϕ(+)(x) ⋆ ϕ(−)(y) ⋆ ϕ(−)(y) + ϕ(+)(x) ⋆ ϕ(+)(x) ⋆ 2ϕ(−)(y) ⋆ ϕ(+)(y)
+ϕ(+)(x) ⋆ ϕ(+)(x) ⋆ ϕ(+)(y) ⋆ ϕ(+)(y) . (3.15)
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From Eq. (3.15), we can see clearly that the non-zero contributions to the vacuum expecta-
tion value of : ϕ(x)⋆ϕ(x) : ⋆ : ϕ(y)⋆ϕ(y) : come from the terms which the most right hand side
components of the product operators are the negative frequency operators, and at the same
time for these terms the number of the positive frequency component operators are equal to
the number of the negative frequency component operators in the total product operators.
Therefore we can see that there is only one such term ϕ(+)(x) ⋆ ϕ(+)(x) ⋆ ϕ(−)(y) ⋆ ϕ(−)(y)
which will contribute to non-zero vacuum expectation value. Thus we have
〈0| : ϕ(x) ⋆ ϕ(x) : ⋆ : ϕ(y) ⋆ ϕ(y) : |0〉 = 〈0|ϕ(+)(x) ⋆ ϕ(+)(x) ⋆ ϕ(−)(y) ⋆ ϕ(−)(y)|0〉 . (3.16)
Similarly, the non-zero contribution to the vacuum expectation value of : ϕ(y) ⋆ ϕ(y) : ⋆ :
ϕ(x) ⋆ ϕ(x) : only comes from the part ϕ(+)(y) ⋆ ϕ(+)(y) ⋆ ϕ(−)(x) ⋆ ϕ(−)(x). We have
〈0| : ϕ(y) ⋆ ϕ(y) : ⋆ : ϕ(x) ⋆ ϕ(x) : |0〉 = 〈0|ϕ(+)(y) ⋆ ϕ(+)(y) ⋆ ϕ(−)(x) ⋆ ϕ(−)(x)|0〉 . (3.17)
If we do not use the normal orderings for the operators ϕ(x) ⋆ ϕ(x) and ϕ(y) ⋆ ϕ(y) as that
of Eq. (3.7), then in the calculation of the vacuum expectation value for Eq. (3.7), we need
to consider the additional four terms which will contribute non-zero results
ϕ(+)(x) ⋆ ϕ(−)(x) ⋆ ϕ(+)(y) ⋆ ϕ(−)(y)− ϕ(+)(y) ⋆ ϕ(−)(y) ⋆ ϕ(+)(x) ⋆ ϕ(−)(x) ,
ϕ(−)(x) ⋆ ϕ(+)(x) ⋆ ϕ(+)(y) ⋆ ϕ(−)(y)− ϕ(−)(y) ⋆ ϕ(+)(y) ⋆ ϕ(+)(x) ⋆ ϕ(−)(x) .
However we can obtain that the total vacuum expectation value of such four terms cancel
at last. Thus to take the normal orderings for the operators ϕ(x) ⋆ ϕ(x) and ϕ(y) ⋆ ϕ(y) has
simplified the calculation.
Through calculation we obtain
〈0|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|0〉
= 〈0|ϕ(+)(x) ⋆ ϕ(+)(x) ⋆ ϕ(−)(y) ⋆ ϕ(−)(y)|0〉 − 〈0|ϕ(+)(y) ⋆ ϕ(+)(y) ⋆ ϕ(−)(x) ⋆ ϕ(−)(x)|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
[
e−ik2x ⋆ e−ik1x ⋆ eik2y ⋆ eik1y + e−ik1x ⋆ e−ik2x ⋆ eik2y ⋆ eik1y
− e−ik2y ⋆ e−ik1y ⋆ eik2x ⋆ eik1x − e−ik1y ⋆ e−ik2y ⋆ eik2x ⋆ eik1x
]
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
[
e−ik2×k1 + 1
][
e−i(k2+k1)x+i(k2+k1)y − e−i(k2+k1)y+i(k2+k1)x
]
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(−2i)
[
1 + eik1×k2
]
sin(k1 + k2)(x− y) . (3.18)
In Eq. (3.18), the first term of the third line means that two scalar field quanta |k1〉 and |k2〉
are generated at spacetime point y and annihilated at spacetime point x. Because Moyal
star-products depend on the orders of the functions, there is the second term of the third
line that is responsible to the first term of the second line. Similarly, the two terms of the
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fourth line mean that two scalar field quanta |k1〉 and |k2〉 are generated at spacetime point
x and annihilated at spacetime point y. In Eq. (3.18),
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
is the Lorentz
invariant volume element, k1×k2 = k1µθ
µνk2ν , and (k1+k2)(x−y) = (k1+k2)µ(x−y)
µ. The
total expression is Lorentz invariant if we suppose that θµν is a second-order antisymmetric
tensor. In the above calculation, we have used Eq. (1.5) for the Moyal star-product of two
functions defined at two different spacetime points.
We need to analyze whether the expression of Eq. (3.18) disappears for a spacelike inter-
val. This can be seen through the vacuum expectation value of the equal-time commutator.
Thus to take x0 = y0 in Eq. (3.18), we have
〈0|[: ϕ(x, t) ⋆ ϕ(x, t) :, : ϕ(y, t) ⋆ ϕ(y, t) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2i)
[
1 + eik1×k2
]
sin(k1 + k2) · (x− y) . (3.19)
We expand k1 × k2 as
k1 × k2 = (k10,−k1)× (k20,−k2) = k1iθ
ijk2j − k1iθ
i0k20 − k10θ
0ik2i . (3.20)
For the case θ0i = 0 of the spacetime noncommutativity, we have
〈0|[: ϕ(x, t) ⋆ ϕ(x, t) :, : ϕ(y, t) ⋆ ϕ(y, t) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2i)
[
1 + eik1iθ
ijk2j
]
sin(k1 + k2) · (x− y) . (3.21)
We can see that in Eq. (3.21), the integrand is a odd function to the arguments (k1,k2).
The integrand changes its sign when the arguments (k1,k2) change to (−k1,−k2), while
the integral measure does not change. The integral space is symmetrical to the integral
arguments (k1,k2) and (−k1,−k2). This makes the total integral of Eq. (3.21) to be zero.
We have seen that the total expression of Eq. (3.18) is Lorentz invariant in the sense θµν being
a second-order antisymmetric tensor. This means that for an arbitrary spacelike interval of
x and y, the integral of Eq. (3.18) vanishes. Thus we have
A0(x, y) = 〈0|[: ϕ(x) ⋆ϕ(x) :, : ϕ(y) ⋆ϕ(y) :]⋆|0〉 = 0 for (x− y)
2 < 0 when θ0i = 0 .
(3.22)
Therefore microcausality for the quadratic operator : ϕ(x) ⋆ ϕ(x) : of free scalar field is
maintained for the case θ0i = 0 of spacetime noncommutativity.
For the case θ0i 6= 0 of spacetime noncommutativity, we write eik1×k2 as
eik1×k2 = ei(k1iθ
ijk2j−k1iθ
i0k20−k10θ
0ik2i)
= eik1iθ
ijk2j
[
cos(k1iθ
i0k20 + k10θ
0ik2i)− i sin(k1iθ
i0k20 + k10θ
0ik2i)
]
. (3.23)
From Eq. (3.19), we have
〈0|[: ϕ(x, t) ⋆ ϕ(x, t) :, : ϕ(y, t) ⋆ ϕ(y, t) :]⋆|0〉
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=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2i)
[
1 + eik1iθ
ijk2j cos(k1iθ
i0k20 + k10θ
0ik2i)
− ieik1iθ
ijk2j sin(k1iθ
i0k20 + k10θ
0ik2i)
]
sin(k1 + k2) · (x− y) . (3.24)
In the above integral, the integrand has three parts. The first two parts are odd functions
to the arguments (k1,k2). While the integral measure does not change when the arguments
(k1,k2) change to (−k1,−k2). The integral space is symmetrical to integral arguments (k1,k2)
and (−k1,−k2). Hence the contribution of the first two parts to the integral vanishes. The
third part of the integrand is an even function, its contribution to the integral does not
vanish. Thus we have
〈0|[: ϕ(x, t) ⋆ ϕ(x, t) :, : ϕ(y, t) ⋆ ϕ(y, t) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
2eik1iθ
ijk2j sin(k1iθ
i0k20 + k10θ
0ik2i) sin(k1 + k2) · (x− y) .(3.25)
Because the total expression of Eq. (3.18) is Lorentz invariant, we have
A0(x, y) = 〈0|[: ϕ(x) ⋆ϕ(x) :, : ϕ(y) ⋆ϕ(y) :]⋆|0〉 6= 0 for (x− y)
2 < 0 when θ0i 6= 0 .
(3.26)
This means that microcausality is violated for the quadratic operator : ϕ(x) ⋆ ϕ(x) : of the
free scalar field for the case θ0i 6= 0 of spacetime noncommutativity. In the limit θ0i = 0,
the integral of Eq. (3.25) vanishes and hence A0(x, y) vanishes for (x− y)
2 < 0, which is in
accordance with Eq. (3.22).
4 Non-vacuum state expectation values
In Sec. 3, we have calculated the expectation value A0(x, y) for the Moyal commutator of
the quadratic operator : ϕ(x) ⋆ ϕ(x) :. In this section we will analyze the non-vacuum state
expectation value A(x, y) for the Moyal commutator of the quadratic operator : ϕ(x)⋆ϕ(x) :.
As defined in Eq. (3.8), we write
A(x, y) = 〈Ψ|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Ψ〉 . (4.1)
In order to evaluate Eq. (4.1), we first need to define the state vector |Ψ〉 for a scalar field
quantum system.
Supposing that the state vector |Ψ〉 is in the occupation eigenstate, we can write
|Ψ〉 = |Nk1Nk2 · · ·Nki · · · , 0〉 , (4.2)
where Nki represents the occupation number of the momentum ki. For an arbitrary actual
field quantum system, the total energy is always finite. Because the occupation numbers Nki
take values of finitely integral numbers, the occupation numbers Nki should only be nonzero
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on finite number separate momentums ki. Otherwise, if Nki take nonzero values on infinite
number separate momentums ki, or on a continuous interval of the momentum, the total
energy of the scalar field quantum system will be infinite. While for a actual field quantum
system, the total energy is always finite. These properties for the state vector |Ψ〉 are very
useful for the following calculations. In Eq. (4.2), we use 0 to represent that the occupation
numbers are all zero on the other momentums except for ki. The state vector |Ψ〉 has the
following properties [27]:
〈Nk1Nk2 · · ·Nki · · · |Nk1Nk2 · · ·Nki · · ·〉 = 1 , (4.3)
∑
Nk1Nk2 ···
|Nk1Nk2 · · ·Nki · · ·〉〈Nk1Nk2 · · ·Nki · · · | = 1 , (4.4)
a(ki)|Nk1Nk2 · · ·Nki · · ·〉 =
√
Nki|Nk1Nk2 · · · (Nki − 1) · · ·〉 , (4.5)
a†(ki)|Nk1Nk2 · · ·Nki · · ·〉 =
√
Nki + 1|Nk1Nk2 · · · (Nki + 1) · · ·〉 . (4.6)
In Eqs. (4.3)-(4.6), we have omitted the notation 0 of Eq. (4.2) in the state vectors for
convenience. Equation (4.4) is the completeness expression. Thus Eq. (4.2) can represent
an arbitrary scalar field quantum system.
In Ref. [22], we have obtained that the non-vacuum state expectation values for the Moyal
commutator [ϕ(x), ϕ(y)]⋆ of the scalar field and Moyal anticommutator {ψα(x), ψβ(x
′)}⋆ of
the Dirac field are just equal to their vacuum state expectation values. If such a property
is still held for the quadratic operator : ϕ(x) ⋆ ϕ(x) : of scalar field studied in this paper,
we can obtain a direct answer for the function A(x, y) of Eq. (4.1). As can be seen in the
following, such a property is really held for the quadratic operator : ϕ(x) ⋆ ϕ(x) :. However
we need to verify this point.
For the convenience of the analyzing, we decompose the state vector of Eq. (4.2) into
two parts
|Ψ〉 = |(k1)(k2) · · · (ki) · · · 0〉+ |Nk1Nk2 · · ·Nki · · ·〉 . (4.7)
In Eq. (4.7), we use |(k1)(k2) · · · (ki) · · ·0〉 to represent that the state is on the vacuum,
while the finite number separate momentums ki are eliminated from the arguments of k for
such a vacuum state. And we use |Nk1Nk2 · · ·Nki · · ·〉 to represent a non-vacuum state which
the arguments only take the finite number separate values ki. On these separate ki, the
occupation numbers are Nki , which take values of finite integrals. Then for Eq. (4.1), we
can write
〈Ψ|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Ψ〉
= 〈(k1)(k2) · · · (ki) · · ·0|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|(k1)(k2) · · · (ki) · · ·0〉
+〈Nk1Nk2 · · ·Nki · · · |[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Nk1Nk2 · · ·Nki · · ·〉
+〈(k1)(k2) · · · (ki) · · · 0|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Nk1Nk2 · · ·Nki · · ·〉
+〈Nk1Nk2 · · ·Nki · · · |[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|(k1)(k2) · · · (ki) · · ·0〉 . (4.8)
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We can see that the last two terms of Eq. (4.8) are all zero, because their arguments of the
momentum k will not match with each other for the bras and kets. Hence we have
〈Ψ|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Ψ〉
= 〈(k1)(k2) · · · (ki) · · ·0|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|(k1)(k2) · · · (ki) · · · 0〉
+〈Nk1Nk2 · · ·Nki · · · |[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Nk1Nk2 · · ·Nki · · ·〉 . (4.9)
For the first term of Eq. (4.9), its calculation is just like that of Eq. (3.18), except
that the separate momentums ki should be eliminated from the final integral measure. Thus
according to the result of Eq. (3.18), we obtain
〈(k1)(k2) · · · (ki) · · ·0|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|(k1)(k2) · · · (ki) · · · 0〉
=
∫
(ki eliminated)
d3ka
(2π)32ωa
∫
(ki eliminated)
d3kb
(2π)32ωb
(−2i)
[
1 + eika×kb
]
sin(ka + kb)(x− y) .
(4.10)
In Eq. (4.10), we use (ki eliminated) to represent that in the integral for ka and kb, a set of
finite number separate points ki is eliminated from the total integral measure of ka and kb
respectively. We can write Eq. (4.10) equivalently in the form
〈(k1)(k2) · · · (ki) · · ·0|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|(k1)(k2) · · · (ki) · · ·0〉
=
∫
d3ka
(2π)32ωa
∫
d3kb
(2π)32ωb
(−2i)
[
1 + eika×kb
]
sin(ka + kb)(x− y)
−
∫
(only on ki)
d3ka
(2π)32ωa
∫
(only on ki)
d3kb
(2π)32ωb
(−2i)
[
1 + eika×kb
]
sin(ka + kb)(x− y) .
(4.11)
In Eq. (4.11), we use (only on ki) to represent that in the second integral, the integral is only
taken on a set of finite number separate points ki for ka and kb respectively. Because the
integrand is a bounded function, while the integral measure is zero for the second integral,
according to the theory of integration (for example see Ref. [28]), we obtain that the second
part of Eq. (4.11) is zero. Therefore we obtain
〈(k1)(k2) · · · (ki) · · · 0|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|(k1)(k2) · · · (ki) · · ·0〉
=
∫
d3ka
(2π)32ωa
∫
d3kb
(2π)32ωb
(−2i)
[
1 + eika×kb
]
sin(ka + kb)(x− y) . (4.12)
Or we can write
〈(k1)(k2) · · · (ki) · · · 0|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|(k1)(k2) · · · (ki) · · ·0〉
= 〈0|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|0〉 = A0(x, y) . (4.13)
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For the second term of (4.9), we have
〈Nk1Nk2 · · ·Nki · · · |[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Nk1Nk2 · · ·Nki · · ·〉
= 〈Nk1Nk2 · · ·Nki · · · | : ϕ(x) ⋆ ϕ(x) : ⋆ : ϕ(y) ⋆ ϕ(y) : |Nk1Nk2 · · ·Nki · · ·〉
−〈Nk1Nk2 · · ·Nki · · · | : ϕ(y) ⋆ ϕ(y) : ⋆ : ϕ(x) ⋆ ϕ(x) : |Nk1Nk2 · · ·Nki · · ·〉 . (4.14)
We first analyze the first term of Eq. (4.14). We can find from Eq. (3.15) that the nonzero
contributions not only come from the operator ϕ(+)(x) ⋆ ϕ(+)(x) ⋆ ϕ(−)(y) ⋆ ϕ(−)(y) like that
of Eq. (3.16), but also come from the operators ϕ(−)(x) ⋆ ϕ(−)(x) ⋆ ϕ(+)(y) ⋆ ϕ(+)(y) and
2ϕ(−)(x)⋆ϕ(+)(x)⋆2ϕ(−)(y)⋆ϕ(+)(y) of Eq. (3.15) which have the equal numbers of negative
frequency and positive frequency components. The situation for the second term of Eq.
(4.14) is similar. For the total integrand generated from these operators, we can note it as
G(ka, kb, x, y). We can write Eq. (4.14) as
〈Nk1Nk2 · · ·Nki · · · |[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Nk1Nk2 · · ·Nki · · ·〉
=
∫
(only on ki)
d3ka
(2π)32ωa
∫
(only on ki)
d3kb
(2π)32ωb
G(ka, kb, x, y) . (4.15)
The integrand G(ka, kb, x, y) is not equal to the integrand of Eq. (4.12) generally. However
we need not to obtain its explicit form in fact. This is because its contribution to the integral
of Eq. (4.15) is zero. The reason is that the integral of G(ka, kb, x, y) is only taken on finite
number separate points of ka and kb, their total integral measure is zero. While the integrand
G(ka, kb, x, y) should be a bounded function. This makes the total integral of Eq. (4.15) be
zero according to the theory of integration (for example see Ref. [28]). Therefore we obtain
〈Nk1Nk2 · · ·Nki · · · |[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Nk1Nk2 · · ·Nki · · ·〉 = 0 . (4.16)
To combine the results of Eqs. (4.12) and (4.16) together, we obtain
〈Ψ|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Ψ〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(−2i)
[
1 + eik1×k2
]
sin(k1 + k2)(x− y) . (4.17)
Or we can write
〈Ψ|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|Ψ〉 = 〈0|[: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆|0〉 . (4.18)
Therefore we obtain A(x, y) = A0(x, y), which is a universal function for an arbitrary state
vector of Eq. (4.2). Thus for the quadratic operator : ϕ(x)⋆ϕ(x) : of free scalar field, its mi-
crocausality under the measurements of non-vacuum states is equivalent to the measurement
of the vacuum state. Thus from the result of Sec. 3, we have
A(x, y) = 〈Ψ|[: ϕ(x) ⋆ϕ(x) :, : ϕ(y) ⋆ϕ(y) :]⋆|Ψ〉 = 0 for (x− y)
2 < 0 when θ0i = 0 ,
(4.19)
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which means that microcausality is maintained for the quadratic operator : ϕ(x) ⋆ ϕ(x) : of
free scalar field for the case θ0i = 0 of spacetime noncommutativity. For the case θ0i 6= 0,
for the equal-time commutator, like that of Eq. (3.25), we have
〈Ψ|[: ϕ(x, t) ⋆ ϕ(x, t) :, : ϕ(y, t) ⋆ ϕ(y, t) :]⋆|Ψ〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
2eik1iθ
ijk2j sin(k1iθ
i0k20 + k10θ
0ik2i) sin(k1 + k2) · (x− y) .
(4.20)
It is not zero because the integrand is an even function. If we suppose that θµν is a second-
order antisymmetric tensor, the total expression of Eq. (4.17) is Lorentz invariant, we have
A(x, y) = 〈Ψ|[: ϕ(x) ⋆ϕ(x) :, : ϕ(y) ⋆ϕ(y) :]⋆|Ψ〉 6= 0 for (x− y)
2 < 0 when θ0i 6= 0 ,
(4.21)
which means that microcausality is violated for the quadratic operator : ϕ(x) ⋆ ϕ(x) : of
free scalar field for the case θ0i 6= 0 of spacetime noncommutativity. In Eq. (4.20), 〈Ψ|[:
ϕ(x, t) ⋆ ϕ(x, t) :, : ϕ(y, t) ⋆ ϕ(y, t) :]⋆|Ψ〉 is also a universal function for an arbitrary state
vector of Eq. (4.2). In the limit θ0i = 0, the integral of Eq. (4.20) vanishes and hence A(x, y)
vanishes for (x− y)2 < 0, which is in accordance with Eq. (4.19).
To summarize, we have obtained in Sec. 3 and this section that microcausality for
the quadratic operator ϕ(x, t) ⋆ ϕ(x, t) of free scalar field on noncommutative spacetime is
satisfied for the case θ0i = 0 of spacetime noncommutativity, and is violated for the case
θ0i 6= 0 of spacetime noncommutativity.
5 Some other quadratic operators of scalar field on
noncommutative spacetime
In this section, we analyze the microcausality of some other quadratic operators of free
scalar field on noncommutative spacetime. These quadratic operators include π(x, t)⋆π(x, t),
∂iϕ(x, t) ⋆ ∂iϕ(x, t), and ∂iϕ(x, t) ⋆ π(x, t), which are composition parts of the energy-
momentum density of Eqs. (3.2) and (3.3). We first calculate their vacuum expectation
values. To be brief, some processes are omitted. From the result of Eq. (3.18), we can
obtain
〈0|[: π(x) ⋆ π(x) :, : π(y) ⋆ π(y) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(−2iω21ω
2
2)
[
1 + eik1×k2
]
sin(k1 + k2)(x− y) , (5.1)
〈0|[: ∂iϕ(x) ⋆ ∂iϕ(x) :, : ∂iϕ(y) ⋆ ∂iϕ(y) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(−2ik21ik
2
2i)
[
1 + eik1×k2
]
sin(k1 + k2)(x− y) , (5.2)
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〈0|[: ∂iϕ(x) ⋆ π(x) :, : ∂iϕ(y) ⋆ π(y) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(−2ik2iω1)
[
k1iω2 + k2iω1e
ik1×k2
]
sin(k1 + k2)(x− y) . (5.3)
We can see that the differences of these integrals to Eq. (3.18) lie in the coefficient factors,
such as ω21ω
2
2, k
2
1ik
2
2i, k1ik2iω1ω2, and k
2
2iω
2
1. These coefficient factors make these integrals
be not Lorentz invariant functions. The reason lies in the fact that these operators are not
Lorentz invariant themselves.
We can also obtain the vacuum expectation values of the equal-time Moyal commutators
for these operators respectively. They are given by
〈0|[: π(x, t) ⋆ π(x, t) :, : π(y, t)) ⋆ π(y, t) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2iω21ω
2
2)
[
1 + eik1×k2
]
sin(k1 + k2) · (x− y) , (5.4)
〈0|[: ∂iϕ(x, t) ⋆ ∂iϕ(x, t) :, : ∂iϕ(y, t)) ⋆ ∂iϕ(y, t)) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2ik21ik
2
2i)
[
1 + eik1×k2
]
sin(k1 + k2) · (x− y) , (5.5)
〈0|[: ∂iϕ(x, t) ⋆ π(x, t) :, : ∂iϕ(y, t)) ⋆ π(y, t)) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2ik2iω1)
[
k1iω2 + k2iω1e
ik1×k2
]
sin(k1 + k2) · (x− y) . (5.6)
As in Sec. 3, we write k1 × k2 as
k1 × k2 = (k10,−k1)× (k20,−k2) = k1iθ
ijk2j − k1iθ
i0k20 − k10θ
0ik2i . (5.7)
For the case θ0i = 0 of spacetime noncommutativity, we have
〈0|[: π(x, t) ⋆ π(x, t) :, : π(y, t)) ⋆ π(y, t) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2iω21ω
2
2)
[
1 + eik1iθ
ijk2j
]
sin(k1 + k2) · (x− y) , (5.8)
〈0|[: ∂iϕ(x, t) ⋆ ∂iϕ(x, t) :, : ∂iϕ(y, t)) ⋆ ∂iϕ(y, t)) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2ik21ik
2
2i)
[
1 + eik1iθ
ijk2j
]
sin(k1 + k2) · (x− y) , (5.9)
〈0|[: ∂iϕ(x, t) ⋆ π(x, t) :, : ∂iϕ(y, t)) ⋆ π(y, t)) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2ik2iω1)
[
k1iω2 + k2iω1e
ik1iθ
ijk2j
]
sin(k1 + k2) · (x− y) . (5.10)
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We can see that in Eqs. (5.8)-(5.10), the integrands are all odd functions to the arguments
(k1,k2). The integrands change their signs when the arguments (k1,k2) change to (−k1,−k2),
while the integral measures do not change. The integral spaces are symmetrical to the
integral arguments (k1,k2) and (−k1,−k2). Thus the total integrals of Eqs. (5.8)-(5.10)
are all zero. Although the integrals of Eqs. (5.1)-(5.3) are not Lorentz invariant functions,
this does not mean that microcausality will violate for an arbitrary spacelike interval of x
and y, because the Lorentz un-invariance of these integrals comes from the fact that the
considered operators are not Lorentz invariant themselves. Thus from these results we can
draw conclusion that microcausality is maintained for these quadratic operators for the case
θ0i = 0 of spacetime noncommutativity.
For the case θ0i 6= 0 of spacetime noncommutativity, we write eik1×k2 as
eik1×k2 = ei(k1iθ
ijk2j−k1iθ
i0k20−k10θ
0ik2i)
= eik1iθ
ijk2j
[
cos(k1iθ
i0k20 + k10θ
0ik2i)− i sin(k1iθ
i0k20 + k10θ
0ik2i)
]
. (5.11)
To substitute Eq. (5.11) in Eqs. (5.4)-(5.6), and to remove away the odd function parts in
the integrands which will contribute zero to the whole integrals, we obtain
〈0|[: π(x, t) ⋆ π(x, t) :, : π(y, t)) ⋆ π(y, t) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2ω21ω
2
2)e
ik1iθ
ijk2j sin(k1iθ
i0k20 + k10θ
0ik2i) sin(k1 + k2) · (x− y) ,
(5.12)
〈0|[: ∂iϕ(x, t) ⋆ ∂iϕ(x, t) :, : ∂iϕ(y, t)) ⋆ ∂iϕ(y, t)) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2k21ik
2
2i)e
ik1iθ
ijk2j sin(k1iθ
i0k20 + k10θ
0ik2i) sin(k1 + k2) · (x− y) ,
(5.13)
〈0|[: ∂iϕ(x, t) ⋆ π(x, t) :, : ∂iϕ(y, t)) ⋆ π(y, t)) :]⋆|0〉
=
∫
d3k1
(2π)32ω1
∫
d3k2
(2π)32ω2
(2k22iω
2
1)e
ik1iθ
ijk2j sin(k1iθ
i0k20 + k10θ
0ik2i) sin(k1 + k2) · (x− y) .
(5.14)
In Eqs. (5.12)-(5.14), the integrands are all even functions. This makes the whole integrals
not vanished. As pointed out above, the integrals of Eqs. (5.1)-(5.3) are not Lorentz invariant
functions, while the Lorentz un-invariance of these integrals comes from the fact that the
considered operators are not Lorentz invariant themselves. Thus for an arbitrary spacelike
interval of x and y, equations (5.1)-(5.3) do not vanish either generally when θ0i 6= 0. This
means that microcausality is violated for these quadratic operators for the case θ0i 6= 0 of
spacetime noncommutativity. In the limit θ0i = 0, the integrals of Eqs. (5.12)-(5.14) vanish,
which is in accordance with Eqs. (5.8)-(5.10). To be complete, we also need to analyze the
non-vacuum state expectation values for these operators. However, we can obtain that for
the non-vacuum state expectation values of these operators, similar as that of Sec. 4 for
the operator ϕ(x, t) ⋆ ϕ(x, t), their results are the same as the corresponding vacuum state
expectation values. The conclusions of microcausality for the non-vacuum state expectation
values of these operators are also the same as that for the vacuum state expectation values
of these operators. Therefore we need not to write down them explicitly.
To summarize, we have obtained the conclusion that the microcausality properties for
the quadratic operators π(x, t) ⋆ π(x, t), ∂iϕ(x, t) ⋆ ∂iϕ(x, t), and ∂iϕ(x, t) ⋆ π(x, t) are the
same as that for the quadratic operator ϕ(x, t) ⋆ ϕ(x, t). For the case θ0i = 0 of space-
time noncommutativity, they satisfy the microcausality. For the case θ0i 6= 0 of spacetime
noncommutativity, they violate the microcausality.
6 Conclusion
For the microcausality problem of quantum fields on noncommutative spacetime, it need
to be studied from several different aspects. Because NCFTs cannot maintain particle
Lorentz transformation invariance [7], no matter whether θµν is a tensor or not, it is necessary
to investigate the properties of quantum fields on noncommutative spacetime with respect
to a subgroup of the usual Lorentz group, which is the group SO(1, 1)× SO(2) that leaves
θµν invariant [9]. Thus in this case, microcausality of quantum fields on noncommutative
spacetime is formulated with respect to a two dimensional light-wedge [9]. In fact in this
representation, the traditional meaning of microcausality is violated for quantum fields on
noncommutative spacetime. Inside the two dimensional SO(1, 1) light wedge, waves have
infinite propagation speed.
On the other hand, to suppose that θµν is a Lorentz tensor, NCFTs will maintain the
observer Lorentz transformation invariance [7]. Thus it is also necessary to study the micro-
causality properties of quantum fields on noncommutative spacetime with respect to their
usual Lorentz invariant spectral measures. For such a case, some of the results were obtained
in Refs. [13,14]. In Ref. [14], Greenberg have obtained the result that for scalar field on
noncommutative spacetime, microcausality is violated generally, no matter whether θ0i 6= 0
or θ0i = 0. In this paper we have studied this problem further. We obtain the result different
from that of Ref. [14]. We obtain the result that for free scalar field on noncommutative
spacetime, microcausality is satisfied when θ0i = 0, and violated when θ0i 6= 0. The dif-
ference between the results of Ref. [14] and this paper lies in several reasons, such as the
form of the Fourier expansion of scalar field and the criterion of microcausality violation.
In Ref. [14], scalar field is expanded with respect to positive frequency (annihilation) part
only. We consider that it is not the complete Fourier expansion for quantum fields. On the
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other hand, in Ref. [14], some of the results are based on the commutators of two different
operators. However as pointed out in Sec. 2 of this paper, the criterion of microcausality
violation should be given by the commutators of the same operator, while not two different
operators. These reasons result the different conclusions.
Besides, we need to investigate microcausality properties of interacting fields on noncom-
mutative spacetime. Recently in Ref. [15], from the generalized Bogoliubov-Shirkov criterion
of causality violation, Haque and Joglekar have obtained that for the Yukawa interaction in
noncommutative spacetime, causality is violated for both θ0i 6= 0 and θ0i = 0. In addition we
can see from Refs. [16-19] that quantum and classical nonlinear perturbations have infinite
propagation speed in noncommutative spacetime. While these phenomena should also have
relations with the violation of causality of quantum fields on noncommutative spacetime.
We need also to mention here that because what we have studied in this paper are the
microcausality properties of free fields, we have only calculated the correlation functions, i.e.,
the expectation values of the Moyal commutators, while not analyzed their relations with
the S-matrix amplitudes. On the other hand, because we consider that in noncommutative
spacetime, the basic product operation is the Moyal star-product, we need to investigate the
commutators of the Moyal star-products. Although what we have studied in this paper are
the microcausality properties of free fields, the results are not trivial and obvious.
The problem of microcausality violation of quantum fields on noncommutative spacetime
is very important, because it is related with the existence of infinite propagation speed of
physical information as analyzed in Sec. 2 of this paper. Thus the violation of microcausality
for quantum fields on noncommutative spacetime may have important applications in future
information transmission.
As demonstrated in Refs. [29,30], unitarity of the S-matrix is lost for NCFTs with
θ0i 6= 0. However, for NCFTs even if unitarity is satisfied, they still have many other
propertied different from field theories on commutative spacetime. Thus for the unitarity
violation of NCFTs with θ0i 6= 0, it may need to be explained and understood from different
approaches. Thus one may not exclude the case of time-space noncommutativity from their
unitarity problems. In fact, it is more reasonable that time and space are in the equal
position. They should be both quantized under a very small microscopic scale. On the other
hand, for the unitarity problem of NCFTs with θ0i 6= 0, some authors have argued that they
can be resolved through many different methods [31-33].
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